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Abstract. We provide a complete treatment of algebro-geometric solutions of 
the classical massive Thirring system. In particular, v^e study Dubrovin-type 
equations for auxiliary divisors, consider the corresponding algebro-geometric 
initial value problem, and derive the theta function representations of algebro- 
geometric solutions of the Thirring system. 



1. Introduction 

Ever since its publication in 1958, the Thirring model kept its fascination as 
is witnessed by the incredible amount of attention paid to it since then and by the 
interest it continues to generate (see, e.g., for a recent review). In the present 
paper we are not concerned with its importance as a solvable quantum field theory 
model but rather restrict our attention to its complete integrability aspects from a 
classical point of view. Thirring's classical (1 -I- l)-dimensional model equations in 
appropriate light cone coordinates, and after appropriate rescaling of the mass and 
coupling constant parameters, etc., can be cast in the form 

2|w|2m = 0, 



2v- 
2u- 



2\u\^v 



Formal integrability of (1.1) was originally established by Mikhailov |34 



(1.1) 
in 1976 

by establishing a corr espo nding commutator representation (cf. (2^) and (2^)). In 
fact, one can replace (1.1) by a more general system, without identifying u* and v* 
with the complex conjugates u and w of it and v, respectively, 



—iux + 2v + 2vv*u ~ 0, 
iu* -I- 2v* + 2vv*u* = 0, 

—ivt + 2u -f- 2uu*v ~ 0, 
ivt + 2u* + 2uu*v* = 0, 



(1.2) 



without losin g fo rmal i ntegr ability, and we will actually investigate (1^) rather than 
(U). Both (Q and dlj) have bee n studied by numerous authors, who derived 
the inverse scattering approach (27) , |^ , , , considered soliton solutions |^ , 
0: 01 111: El, liil, lH, investigated Backlund transformations and close 
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connections with other integrable equations (especially, the sine-Gordon equation) 
g,||l,||,g,[|6),||l,||,|l|,||, and considered monodromy deformations 

In the present paper we focus on algebro-geometric solutions of the classical mas- 
sive Thirring system ([l.2|) . The first attempt to derive algebro-geometric solutions 



of (1.1) is due to Date H] in 1978 and almost simultaneously to Prikarpatskii and 
Holod (see also |2^). Both papers are remarkably similar in strategy, in fact, 
they are nearly identical. In particular, both discuss theta function representations 
for symmetric functions of appropriate symmetric functions associated with aux- 
iliary divisors, but neither derives explicit theta function representations of u and 
V. The first theta function representations of u, v, u* , v* for the general massive 



Thirring system (1.2) were derived by Bikbaev however, with insufficient care 
paid to details. (In fact, his terms e™ and e™ on p. 581 are not defined, and in his 
formula (29), (x, t)-dependent terms are missing.) More recently, algebro-geometric 
solutions of ( |l.l[ ) were also briefly considered by Wisse |Q , again without explicitly 
deriving theta function representations for u and v. 

In Section ^ we follow Date's explicit realization of Mikhailov's commutator 
representation in terms of polynomials in the spectral parameter. In Section [s] we 
develop the basic algebro-geometric formalism for ( |l.2| ), and from that point on 
we deviate from previous investigations and focus on a different approach based 
on the solution of a Riccati-type equation associated with the Thirring system 



(1.2). We consider Dubrovin-type equations for auxiliary divisors and define the 



Baker- Akhiezer vector associated with the system (1.2) in terms of the fundamental 
function on A^„, the underlying hyperelliptic curve of genus n e Nq. We also 
study the algebro-geometric initial value problem in detail. Our principal results, 
the theta function representations of u, u, m*, v* , and (/> are derived in detail in 
Section |^. Finally, Appendix ^ collects some basic results on compact Riemann 
surfaces and introduces the terminology freely used in Sections || and ^. 

2. The basic polynomial setup 

In this section we start from Mikhailov's jsi) commutator representation of the 
classical massive Thirring system in a form used by Date [|j (see also p8[ , 
which contain similar material) in his analysis of quasi periodic solutions of this 
model. 

Assuming u, v,u* ,v* : ^ C to satisfy 
w(-,t),u*(-,t) e C^(R), w(-,t),w*(-,t) e C°°(R), < e R, 
u{x, ■),u*{x, ■) €C\M.), 9^w(a;, •),9^«*(a;, •) e Ci(R), fc e No, X e R, (2.1) 
we introduce the 2x2 matrices 

'^^^'^' ^" M^ 2Cv*{x,t) -z + v{x,t)v*{x,t)) ' ^^-^^ 

T/r/- - ^"(^'^)"*(^'^) K^^u{x,t) \ , . 

V{i„x,t}^iy 2C-^u*{x,t) -z-^ +u{x,t)u*{x,t)) ' ^ 

CgC\{0}, z = C', {x,t)e^\ 
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where Fn{z, x, t), Hn{z, x, t), and Gn+iiz, x, t) are polynomials with respect to z of 
degree n and n + 1, respectively, that is, they are of the type 

n n 

Fn{z,X,t) = ^fn-j{x,t)z^ = fo{x,t) J|(z - flj{x,t)), (2.5) 

3=0 J = l 

n+1 

Gn+i(z,x,t) ^^gn+i^j{x,t)z^ , go{x,t)^l, (2.6) 

n n 

Hn{z,x,t) = '^hn-j{x,t)z^ = ho{x,t) ]^(z - Vj{x,t)). (2.7) 

3=0 J=l 

The classical massive Thirring system is then defined by demanding the zero- 
curvature representation 

-K+i,x(C, X, t) + [C/(C, X, <), K+1 (C, 2;, <)] - 0, (C, t) e C \ {0} X (2.8) 

(C, 2;, t) + [V{C. X, t), K+1 (C, 2;, t)] = 0, (C, X, t) e C \ {0} X ]r2. (2.9) 



Explicitly, equations (^j) and ( |2.9[ ) yield 

F„_j,(0, a;, i) = -2i(z;(a;, i)w*(x, t) - z)Fn{z,x,t) + Aiv{x,t)Gn+i{z,x,t), (2.10) 

0,1+1,^(2, a;, ^) = 2izti*(a;, t)Fn{z, x, t) + 2izw(a:, t)Hn{z, x, t), (2-11) 

Hn,xiz,x,t) = 2i{v{x,t)v*{x,t) - z)Hniz,x,t) + Aiv*{x,t)Gn+iiz,x,t), (2.12) 

Fn,t{z,x,t) = -2i{u{x,t)u*{x,t) - z"-^)i^„(z,a;,i) 
+ 4iz^"'"u(a;, i)G„-|-i(z, x, t), 

Gn+i,t{z, X, t) = 2iu*{x, t)Fn{z, X, t) + 2iu{x, t)Hn{z, X, i), (2-14) 

Hn_t{z, X, t) — 2i{u{x, t)u*{x, t) — Z^^)Hn{z, X, t) 

(2.15) 

+ Aiz u*{x,t)Gn+i{z,x,t). 
By (|2.10|)-(^l4|) one infers that 

{Gl+, - zFnHn)^ = {Gl+, - zFnH,,)^ = (2.16) 

and hence 

G„+i(z,a;,i)^ - zFn{z,x,t)Hn[z,x,t) = R2n+2{z), (2-17) 

where the integration constant i?2n+2(z) is a monic polynomial in z of degree 2n+2, 
that is, 

2n+l 

-R2n+2(^) - n " {£^™}m=0,...,2„+l C C, (2.18) 
m— 



since we chose go = 1- Moreover, (2.17) implies 

2n+l 

g„+i(a;,i)2 ^ -Q (2.19) 

m=0 

and we will choose 

5„+i ^ 0, that is, 7^ 0, m = 0, . . . , 2n + 1. (2.20) 
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The actual sign of gn+i will be determined later (cf. (3.9), (3.10)). A comparison 
of coefficients of z*^ in (2.1C)-(2.15) then yields 



fo 
h 

fn 

90 
91 

9n+l 

ho 
hi 
h„ 



-2v, 

iv^ + 2v'^v* + ci{-2v) 
1, 

-~2vv* + ci, 

2n+l ^ 1/2 
m=0 

2v*, 

iv* — 2u(w*)^ + Ci2v* 
2g„+iw*, etc., 



(2.21) 



where {qI^gn C C denote integration constants, and 

—iux{x, t) + 2u(x, t) + 2v{x, t)v* (x, t)u{x, t) — 0, 
iul{x,t) + 2v*{x,t) + 2v{x,t)v*{x,t)u*{x,t) = 0, 

—ivt{x, t) + 2u{x, t) + 2u{x, t)u*{x, t)v{x, t) — 0, 
i< (x, t) + 2u* (x, t) + 2u{x, t)u* (x, t)v* (x, <) = 0. 



(2.22) 
(2.23) 
(2.24) 
(2.25) 



Equations ( ^.22| )-(2.25) represent the classical massive Thirring system in light 
cone coordinates. It should be emphasized that the original Thirring equations are 
given by ( p.22| ), (2.24) imposing the constraints 



u*{x,t) = u{x,t), V* {x,t) = v{x,t), 



(2.26) 



where the bar denotes the operatio n of complex conjugate. In this pa per, h o wever , 
we will no t imp os e the constraints ( 2.26| ) but rather study the system ( 2.22| )-( 2.25 ). 

Given ( 2.22| )-( 2.25 ), a straightforward computation verifies the commutator re- 
lation 

UtiC, X, t) - V^iC X, t) + [{/(C, X, i), y(C, X, t)] = 0, (C, X, t) e C \ {0} X 

(2.27) 



complementing (2.8) and ( p.9D . 

This concludes our brief review of the polynomial setup by Date , and for the 
remainder of this paper we will deviate from his strategy and focus on an approach 
based on the solution of a Riccati-type equation associated with the Thirring 
system. This will enable us to employ a formalism previously applied to the KdV, 
AKNS, Toda, Boussines q, a nd the combined sine-Gordon-mKdV hierarchies 0, 

p, 0, [H, n, n, 11. 

We c onclu d e this section by mentioning the elementary fact that the Thirring 
system ( ^.22| )-( 2.25 ) is invariant under the scaling transformation, 



(u,u,u*,w*) -> {Au,Av,A-^u\A-^v*), A e C \ {0}. 



(2.28) 



In the special case where u* 
\A\ = 1. 



w, A in (2.28) is further constrained by 
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3. The basic algebro-geometric formalism 

Introducing the (possibly singular) hyperelliptic curve /C„ of (arithmetic) genus 
n G No, 

/C„: Tn{z,y) = 2/^ - R2n+2{z) = 0, (3.1) 
2n+l 

R2n+2{z) = n " ^™)' {^™}™=0,...2«+l C C \ {0}, (3.2) 
m— 

we denote points P on /C„ by P = (z, y) and compactify JCn by joining two points 
at infinity Pcxd+, ^oo_, ^oo+ -Poo_, still denoting the compactified curve by /C„. 
Moreover, we recall the hyperelliptic involution (sheet exchange map) * on /C„, 

*:/C„^/C„, P= (z,y) ^P* - (z,-j/), Poo+* =Poo_. (3.3) 

For additional facts on /C„ and further notation freely employed throughout this 
paper, the reader may want to consult Appendix [a| 

Next, we define the fundamental meromorphic function </>(•, x, t) on /C„ by 

,N y(P) + G'n+i(2:,a;,t) 

"^^^'^'^^^ — ^u^:^^ — 

- - P=(z,y)G/C„, (x,t)eM2^ (3.5) 



y{P)-Gn+i{z,x,t)- 

where we used ( ^.17 ) to obtain ( |3.5[ ). Introducing 
(ij{x,t) = {^J,j{x,t),Gn+l{^J.J{x,t),x,t)) e /C„, j = l, . . . ,n, (a;,i) S R^, (3.6) 
i>j(a;,t) = {iyj{x,t), -Gn+i{i^j{x,t),x,t)) G /C„, j = 1, . . . ,n, {x,t) G R^, (3.7) 

and 

Po,± = (0, ±G„+i(0)) = (0, ±gn+i) G /C„, (3.8) 
we fix the branch of y{P) near Poc± according to 

lim ^ ^''P = lim = Tl as P ^ Poo± (3.9) 

\z\^oo Gn+l{z,X,t) I^Hoo Z"+1 ^ ^ ^ 

and consequently determine the sign of 5,1+1, 

/2ri+l \ 

9n+i = n ' (3.10) 

\m=0 ) 

by compatibility of all local charts on AC„. We note that Po,± and Poo± are not 
necessarily on the same sheet of /C„. The actual sheet on which Po,± lie depends 
on the sign of (?„+i and hence on the location of all Em- 

Given these conventions, the divisor (</)( • , x, t)) of </)( • , x, t) then reads 

(0(-,x,i)) = 2?Po,_^(x,t) -2?p^_M(x,t)' (a;,OeR'. (3.11) 

Next we collect a few characteristic properties of 0. 



Lemma 3.1. Assume (|t]), (|2J), (|j), and (|3J) and let P = {z,y) G /C„, (x,i) G 
R2. T/ien (/) satisfies the Riccati-type equations 

MP, X, t) + 2iv{x, t)^{P, X, tf 

+ 2i{z~v{x,t)v*{x,t))(j){P,x,t) =2izv*{x,t), 
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(ptiP, X, t) + 2iz-^u[x, t)cj){P, X, tf 

+ 2i{z~^ - u{x,t)u*{x,t))(j){P,x,t) = 2iu*{x,t). 

Moreover, 

(l){P, X, t)(j){P*,x, t) = zH„{z, X, t)/Fn{z, X, t), 
<PiP, X, t) + (t){P\x, t) = 2G„+i(z, X, t)/Fn{z, X, t), 
4>{P, X, t) - 4>{P\x, t) = 2y{P)/F„{z, X, t). 

Proof. Equation ( |3.12|) fo llows fro m (p 10D -( |2.1lD ( p.l7D , and Similarly, 
( p^ ) follows from ( ^.13 l )-(|2ll ), (p.l7D, andp^. Relations |0^)-(pl|) are 
obvious from ( 2.17 ) and (3^). □ 



(3.13) 



(3.14) 
(3.15) 
(3.16) 



Given (l>{P, x, t), we can define the Baker- Akhiezer vector VE'(P, C, x, xq, t, to) by 
*(P,C,x,xo,i,to) 



'iJji{P,x,xo,t,to) 

^2{P,C,X,Xo,t,tQ) 

P= iz,y) e/C„\{Poo±}, z = C'^, {x,t),{xo,to) G 



(3.17) 



i>l{P,X,Xo,t,to) 



exp I 



ds (2 



i{xq, s)u*{xo, s) + 2z ^u(xo, s)(j>{P, xo,s)) 



+ i [ dx' {z~v{x',t)v*{x',t) + 2v{x\t)(i){P,x',t))\, 

Jxo / 
1p2{P,C,X,Xo,t,tQ) = C'^^i{P,X,Xo,t,to)(l){P,X,t). 

Properties of 5" are summarized in the following result. 



(3.18) 



(3.19) 



Lemma 3.2. Assume (|2j), (g^, (gj|), and (|3J) and let P = {z,y) G /C„ \ 
{Poa±\, {x,t),{xo,tQ) gM^. Then "^{P,(,x,xo,t,to) satisfies 

*,(P, C, X, xo,t, to) = C/(C, X, t)^{P, C, X, xo,t, to), (3.20) 

^tiP, C, X, xo,t, to) = V{C, X, i)*(P, C, X, xo,t, to), (3.21) 

iy{P)-^{P,(:,x,xo,t,to) = Vn+i{C,x,t)-i'{P,C,x,xo,t,to). (3.22) 

Moreover, if the zeros of Fn{ - ,x,t) are all simple for {x,t) G 57, 51 C R-^ open 
and connected, then - ,x,Xo,t,to), {x,t), {xo,to) G fl, is meromorphic on /C„ \ 
{Poo±}- In addition. 



ipi{P,x,xa,t,to) 



Fn{z,Xo,to) 



1/2 



X exp 



(2ty{P);. 



to Fn{z,Xo,s) 



2iy{P) I dx' 



I v{x',t) 



(3.23) 



1pl{P,X,Xo,t,to)llJl{P*,X,Xo,t,to) = Fniz,x,t)/Fn{z,xo,to), (3.24) 
V'2(P, Ci X, Xo,t, io)V'2(P*, Ci X, Xo, t, to) = Hn{z, X, t)/Fn{z, Xq, to), (3.25) 
V'l(P, X, Xo,t, to)lp2{P*,C, X, Xo, t, to)+'ipl{P*,X, Xo, t, to)V'2(P, C, X, Xo,t, to) 

= 2C^Gn+i{z,x ,t)/Fn{z,xo,to)- (3.26) 
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Proof. Equati ons (pel ), (|l2l| ) are verified using ( |2lo|) -(plIt), ( |3l^) (|1|), (p^ , 
and ( p9|) . (|3.2^) follows by combining (p|), ([3.4|),ll5|), (|3.18D, and ( |3.19[ ). 
Clearly ipi is meromorphic on ICn \ {Poo± , /ii(a;, t), . . . ,/i„(a;,i)} by ( [j.lg ). Since 

d 

2iv(x',t)(l)(P,x',t) = —\n(Fn(z,x',t)) +0(1) as z ^ Hj(x',t), 

P^fij(x',t) ox' 

(3.27) 

d 

2iz~^u{xo,s)(f>{P,xo,s) = — In (F„(z,xo, s)) + 0(1) as z ^ /ij(xo, s), 

P—>fij(xo,s) us 

(3.28) 

one infers that ipi is meromorphic on /C„ \ {-Poo± } if the zeros of i^„( • , x, t) are all 
simple. This follows from (3.18) by restricting P to a sufhciently small neighborhood 
Kj{xo) of {fij{xQ,s) £ ICn I {xo,s) G ^2, s £ [^0,*]} such that fik{xQ,s) ^ Uj{xQ) for 
all s e [^0:^] and all fc e {1, . . . , n} \ {j'}, and similarly, by restricting P to a 
sufficiently small neighborhood Uj{t) of {jlj{x\t) £ /C„ | (x',t) e $7, x' e [a;o,a;]} 
such that fik{x', t) ^ Wj (t) for all x' £ [xq, x] and all fc £ {1, . . . , n} \ {j}. Equation 
( 3.23| ) follows from ( p.l^ ) after replacing (j) by the right-hand side of (3.4) and 
utilizing ( 2.10| ) in the x'-integral and (p. 131) in the s-integral. Equations ( p.24 )- 
( P^ ) immediately follow from (|3.14|) -( pl^ , and ( |3.19|) . □ 

Next we discuss the asymptotic behavior of (j){P,x,t) as P ^ Po,±,Poo± m some 
detail since this will turn out to be a crucial ingredient for the theta function 
representation to be derived in Section m 



Lemma 3.3. Assume (2.1), (2.8), (2.9), and (BJ). Then 



</'(P, X, t) 



v{x, t) 



v{x, t) 



O 



P^{z,y)^Po. 



(l){P,x,t) = v*{x,t) + -v;{x,t)- + 0[^] as P^{z,y) 



OO-i- ) 



(biP,x,t) 

^{P,X,t) = - 



^ u*{x,t)z + -ul{x,t)z'^ + 0{z^) as P ^ {z,y) 



Pn 



u{x, t) 



u{x, t) 



z + 0{z^) as P ^ {z,y) 



Pn 



(3.29) 
(3.30) 
(3.31) 
(3.32) 



Proof. The existence of these asymptotic expansions (in terms of local coordinates 
= 1/z near Pqq^, and local coordinate C = ^ near Po,±) is clear from the explicit 
form of (j) in (3.4). Insertion of the polynomials P„, i?„, and Gn+i, then in prin- 
ciple, yields the explicit expansion coefficients in ( 3.29 )-( 3.32 ). However, this is a 
cumbersome procedure, especially with regard to the next to leading coefficients in 
( 3.2£ )-( 3.32 ). Much more efficient i s the actu al com putation of these coefficients 
utilizing the Riccati-type equations (3.12) and (3.13). Indeed, inserting the ansatz 

z(f>-i -t- 00 



O 



(3.33) 



into (3.12) and comparing the first two leading powers of z immediately yields 
(3.2£). Similarly, the ansatz 



O 



(3.34) 
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inserted into (3.12) immediately produces (3.30). In exactly the same manner, 
inserting the ansatz 

2— >0 

and the ansatz 

(j) = <l>o + cl)iz + 0{z'^) 
into ( |3.13 ) immediately yields (3.31) and ( 3.32| ), respectively. 

We follow up with a similar asymptotic analysis of ipi{Pi 2:0, to)- 



(3.35) 

(3.36) 
□ 



Lemma 3.4. Assume (gj), (^, (^, and (^). Then 

ilji{P,x,xo,t,to) = ejip(Tizix-xa) + 0{l))asP={z,y)^Poo^, 

2— >oo \ / T 

ipi{P,x,xo,t,to) = exp (±iz^^(t - to) + 0{l)) as P ^ {z,y) ^ Po^ojz. 
2— >o 

Proof. Equations ( |3.37 ) and ( ^.38 ) follow from (3.18) noting 

i{z ~ v{x,t)v*{x,t)) +2iv{x,t)(l){P,x,t) = + 0(1) 

2;— >oo 

as F = (z,y) Poo^, 
i{z~^ — u{xot s)u* (xq, s)) + 2iz^^u{xo,s)(j){P, xq, s) — 0{1) 

z — *oo 

as F = {z,y) Poo^, 
i{z - v{x,t)v*{x,t)) + 2iv{x,t)(t){P,x,t) = 0(1) 

as F = (z,y) ^ Fq.t. 

i(z~"'" — it(a;o, s)w*(xo, s)) + 2iz~''"M(xo, s)0(P, xo, s) = ±iz^^ + 0{1) 

z^O 

as P = (z,y) Po,T- 



(3.37) 
(3.38) 

(3.39) 

(3.40) 

(3.41) 

(3.42) 
□ 



In some of the following considerations it is appropriate to assume that /C„ is 
nonsingular and hence we then assume 

E„i ^ Ejn' for m.^m', to, to' = 0, . . . , 2n + 1 (3.43) 



in addition to (p.2|). 

Next, we turn to Dubrovin-type equations for ^j(x,t), Vj{x^t), j = l,...,7i, 
that is, we derive the nonlinear first-order system of partial differential equations 
governing their (x, t)-variation. 

Lemma 3.5. Let n G N. Assume (|^), (U), (U), and (|U) and suppose that 
the zeros {^j(x, t)}j=i^...^„ of Fn{-,x,t) remain distinct for {x,t) G Q^, where 
flf^ C M-^ is open and connected. Then {/ij(a;, i)}j=i....,n satisfies the following 
system of differential equations 



{x,t) = 2iy{fij{x,t)) Y[{fij{x,t) - fieix,t)) \ 



(3.44) 



k=l 



Hj,t{x,t) = (-l)"5„+i Y[Mx:t))'^w{i^j{x,t))Y[il^jix,t) - ne{x,t)) \ 
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J = l,...,n, (x,t) e r!,,. (3.45) 

Next, assume /C„ to he nonsingular and introduce the initial condition 

{/ij(a::o,to)}j=i,...,„ C /C„, (3.46) 

where {/ij(a;o, io)}j=i,...,Ti remain distinct and distinct from zero. Then there exists 
an open and connected set £7^ C M^, with (xojio) G such that the initial value 
problem (3.44)-(3.46) has a unique solution {[lj{x^t)Yj=i,...,n satisfying 

A, eC°°(r!^,/C„), j = l,...,n. (3.47) 

For the zeros {I'j (x, t)}j=i^....„ of H„{ - ^ x,t) identical statements hold with fi re- 
placed hyv, byVl^, etc. In particular, {t'jXa;, i)}j=i_..._„ satisfies 



VjAx,t) = 2iy{v,{x,t))\[{v,{x,t) ~ vt{x,t))-\ (3.48) 

v,4x,t) = {-\rg-l^[\{vk{x,t)\2iy{v,{x,t))\{{v,{x,t) - v,{x,t))-\ 

i ^l,...,n,{x,t) en,. (3.49) 



fc=i 

k^3 



Proof. Equations (2^), ( 2.10| ), and (3^) imply 

n 

Fn,x{lJ'j) = fo(-l-J-j.x) Y\_il^3 ^ l^e) ^ 4m)G„+i(^j) = Aivyifij). (3.50) 



e=i 



Using fo = —2v by ( 2.21 ), one concludes ( 3.44 ). Similarly, one derives from ( |2.5D , 
(|I|), and dp). 



PnAP-j) = /o(-Aij,t) n^'-^J' ~ = (4m//ij)G'„+i(Aij) = {4:iu/fij)y{fij). (3.51) 
Since 



f=i 



-4m//o = 2ifn/{fogn+i) = 2i(-l)"( Aifc)/ff„+i 



(3.52) 



k=l 



by (|^) and (jfj), one arrives at ( ^.45|) . Equations ( |3.4§| ) and ( ^.49|) are derived 
analogously. In order to conclude ( 3.47 ), one first needs to investigate the case 
where fLj{x,t) hits one of the branch points (£',„, 0) G B{K,n) and hence the right- 
hand sides of (3.44) and ( |3.45 ) vanish. Thus we suppose that 

IJ.jo{x,t) ^ E,no as {x,t) {xo,io) (3.53) 

for some jo £ {1, . . . , n}, mg G {0, . . . , 2n + 1} and some {xq, tg) G fi^. Introducing 

Cjo i^^ = (Mjo (2;, t) - Eraaf'"^, Hj^ {x, t) = E,n„ + Cjo i^^ (3-54) 

for (x,t) in an open neighborhood of (io,?o) G ^^m' equations ( 3.44 ) and ( |3.45 ) 
become 

2n+l X 1/2 



(a;,t)^(2o,to) ^ 



mo Ejn , 



m=0 
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X (1 + O(0„(a:,t)2)), 



(3.55) 



(x,t)^(xo,to) \ 



2n+l 



771 — 



1/2 / n 



/£=1 ^ 



i=l 



nM,(x,t))(l + O(0„(x,t)2)). 



(3.56) 



Since by h ypoth esis the right-hand sides of ( 3.55 ) and ( 3.56 ) are nonvanishing, one 
arrives at ( 3.47 ). □ 

Next we derive a few trace formulas involving u,w,M*,ti* and some of their x- 
derivatives in terms of fij{x,t) and Uj[x,t). 



Lemma 3.6. Let n en and assume i^^, (|j), (|2J), and (Q. Then 
.Vx{x,t) 



2v{x,t)v*{x,t) - 2ci = 2^fij{x,t), 

fij,xix,t) 2(-l)"5„+i 



2v{x, t)v*{x, t) 



v{x, t) 
.Vx{x,t) 

I — -. r- 

V[X, t) 

v{x, t) 

uix,t) n"=iMj(2^'*) 

^v*{x,t) 



f^j{x,t) nj=iMi(a;,t)' 



(-1)".9. 



n+l 



v*(x,t) 

■ Vxix,t) 

v*{x,t) 
v*{x,t) 



2v{x,t)v*{x,t) + 2ci = -2'^i^j{x,t), 



+ 2v{x,t)v*{x,t) 

(-l)"gn+l 



Vj^x(x,t) 2(-l)"g„+i 



^ i/j(a;,i) Yro=i^3{x,t)' 



Here 



2n+l 



Cl 



(3.57) 

(3.58) 
(3.59) 
(3.60) 

(3.61) 
(3.62) 

(3.63) 



and gn+i = (11^=^0^^™) ^'^^ been introduced in (3^) and ( 3.10| ). 

Proof. Equations ( 3.57| ) and (|3.60 ) follow from (|2.5D , (2.7) by comparing pow- 
ers of z" and using (^.21|). (^^ and ( |3.61|) fo llow from taking z — 
in (|1^) and (|1|), using again (|2.2l|). Finally, (^.5"s|) and (||6|) follow from 
/« = fo U"=i{-t^i), K = /lo Kj=i{-^o) and d^l]). □ 

While we are not explicitly introducing the hierarchy of massive Thirring equa- 
tions in this paper, we note that Dubrovin-type equations such as ( 3.44 ), ( 3.45 ) 
combined with trace formulas for u,v^u*tV* in terms of ^j(x,t), enable one to 
discuss such a hierarchy following the approach outlined in pi[ . 



THIRRING SYSTEM 



Up to this point we assumed the zero curvature equations (2.5) and ( p.9| ), or 
equivalently, (2.10)-(2.1f:) and as a consequence, derived the corresponding algebro- 
geometric formaHsm. In the remainder of this section we will study the algebro- 
geometric initial value problem, that is, starting from the Dubrovin equations 
(P^)-(|3l6|) and the trace formulas ( ^!57|)- (|3^), derive (|2lo|)-(^l5|), and hence 
the zero curvature equations (2.8) and (2.9). 

We start with an elementary result extending the scaling transformation men- 
tioned in (|^). 



Lemma 3.7. Assume (2.1) and suppose u,v,u*,v* satisfy the Thirring system 
(l^)-(l^. Assume A{t) = exp ( /* ds a(s)) , t G R, with a e C{R) and con- 



sider the time- dependent scaling transformation 

{u,v,u*,v*) {u,v,u*,v*) = {Au,Av,A^^u*,A^^v*). (3.64) 
Then u,v,u*,v* satisfy the corresponding extended massive Thirring system 



—iux{x, t) + 2v{x, t) + 2v{x, t)v* {x, t)u{x, t) = 0, 
m*(x,i) + 2v*{x,t) + 2v{x,t)v*[x,t)u'{x,t) = 0, 
—ivt{x, t) + 2u{x, t) + 2u{x, t)u*{x, t)v{x, t) + ia{t)v{x, t) — 0, 
ivl{x,t) + 2u*{x,t) + 2u{x,t)u*{x,t)v*{x,t) - ia{t)v*{x,t) = 0. 



Proof It suffices to insert ( |3.64| ) into the system ( |2.22| )-( ^^ 



(3.65) 
(3.66) 
(3.67) 
(3.68) 

□ 



In the special case where u*{x,t) ~ u{x,t),v* (x,t) — v{x,t), A{t) in Lemma 3.7 is 
further constrained by \A{t)\ = 1, t G M. 

Next we provide the basic setup for the algebro-geometric initial value problem. 
We start from the following assumptions. 



Hypothesis 3.8. Given the hyperelliptic curve /C„ in ^3.2| ), and the proper choice 
of the branch o/ g„_|_i defined by gn+i — {Y[m=o ^rn) , according to (3.9) {i.e., 
according to limi^i^oc 2/(-P)-z " "'^ = Too as P Poo±), consider the Dubrovin-type 



system of differential equations (3.44), ( |3.45 ) on il^, for some intitial conditions 



( p.46| ). Here D,^ C R-^ is assumed to be open and connected, and such that the 
projections fij{x,t) of fij{x,t) onto C remain distinct and distinct from zero for 
(x, t) G that is, 

^ij{x,t) ^ fij,{x,t) for j ^ j', j,j' = 1,.. .,n, {x,t)eilf„ (3.69) 

{/i,(x,t)}j=i,...,„n{O} = 0, {x,t)€n,,. (3.70) 



Assuming Hypothesis 3.8 in the following, we will next define u, v, u* , v* and the 
polynomials F„, Gn+i, Hn in the following steps (S1)-(S4). 



(SI). Use the trace formulas ( 3.57 )-( |3^ ) on fi^, that is 
.Vx{x,t) 



+ 2vix,t)v*{x,t)-2ci = 2\ 
v{x,t) ^ 



.Vx{x,t) 
I — T r- 

v{x, t) 



2v{x,t)v*{x,t) 



Hj{x,t), 
V^Mi,x(a;,t) 2(-l)"5„+i 



3 



u{x,t) = i-l)'' g^l^v{x,t)Y[nj{x,t), {x,t) G 17^, 



(3.71) 
(3.72) 
(3.73) 
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to define u{x, t), v{x, t), v* (x, t) on up to a possibly i-dependent multiple factor 
according to the scale transformation described in Lemma 3.7. 

(S2). Define the polynomial Fn{z,x,t) on C x of degree n with respect to z by 

n 

F„(z,x,t) = -2u(x,t) ]J(z - ^j(x,t)), {z,x,t) eCxilf, (3.74) 

and define the polynomial G„+i(z, a;, i) on C x il^ of degree n + 1 with respect to 
z by 

Fn,x{z, X, t) = —2i{v(x, t)v*{x, t) — z)Fn{z, X, t) + Aiv{x, t)Gn+i{z, X, t), (3.75) 

{z,x,t) eCxD,^. 

One then verifies from 

Fn,x (Mj ) 



fc=i 

k^3 



2v 



j 1, . . . ,n 



(3.76) 



and (3.75) that 

y{jj,j{x,t)) ^ '^"''^^^„^ifj.^i^'^'^^ = G'„+i(/^j-(a;,t),a::,^), j^l,...,n, {x,t) e ft^ 



4:iv{x, t) 

and hence 

(Gn+l{z,X,tY - R2n+2{z))\ 



(3.77) 



U=,,(.,*)-0, J = l,...,n, (x,t)el],. (3.78) 

(S3). Taking z = in (|j|), using (|j|), results in 

2(-l)"G„+i(0) V, " ^.^ 

— I 2vv + 1 y — — 

1) ^ ' 11: 



=1 



(3.79) 



and hence a comparison with (|3.72| ) yields 

G„+i(0,a::,t) = .g„+i 

and thus, 



2ri+l ^ 1/2 
m=0 



(G„+i(z,2;,t)2 -i?2„+2(2;))|^^o = (a;,t) e 



(3.80) 



(3.81) 



Because of (|3.78| ) and (|3.81| ) we can define a polynomial Hn{z,x,t) on C x of 
degree n with respect to z by 

Gn+l{z,X,tf - R2n+2{z) = Z Fn{z , X, t) Hn{z , X, t) , {z,X,t) G C X fj^. (3.82) 

(S4). Given i/„(z,x,t) we finally define u*{x,t) on by 



u*{x, t) = ' ^ , (a::,t)eil^, 



(3.83) 



25n+l 

Again M*(a;,i) is defined up to a possibly i-dependent factor in accordance with 
Lemma 3.7. 

The algebro-geometric initial value problem now can be solved as follows. 
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Theorem 3.9. Assume Hypothesis 3.i, define u,v,u*,v* and Fn,Gn+i, Hn as in 
(51) — (S'4) and let {x,t) £ 57^. Then there exists a function a G C°°(ri^i), inde- 
pendent of X (a^ln^ — 0), such that 

Fn -ciz, X, t) — —2i(v{x, t)v*{x, t) — z)Fn{z, X, t) + Aiv{x, t)Gn+i{z, X, t), (3.84) 

Gn+i^x{z, X, t) ~ 2izv*{x, t)Fn{z, X, t) + 2izv{x, t)Hn{z, X, t), (3.85) 

Hn,x{z-, X, t) — 2i{v(x, t)v*(x, t) — z)Hn{z, X, t) + Aiv*{x, t)Gn+l{z, X, t), (3.86) 

Fn,t{z, X, t) — —2i{u{x, t)u*{x, t) — z^^)Fn{z, X, t) + a{t)Fn{z, X, t) 

+ 4:iz^^u{x, t)Gn+l{z, X, t), 

Gn+i.t{z, X, t) — 2iu*{x, t)Fn{z, X, t) + 2iu{x, t)Hn{z, X, t), (3.88) 

Hn,t{z, X, t) — 2i{u{x, t)u*(x, t) — z^^)Hn{z, X, t) — a(t)Hn{z, X, t) 

+ 4:iz^^u*{x, t)Gn+l {z, X, t). 



(3.87) 



(3.89) 



In particular, u,v,u*,v* satisfy the extended massive Thirring system (3.65)-(3.68) 
on Vl^, 

-iux(x,t) + 2u(x,t) + 2v{x,t)v*{x,t)u{x,t) = 0, (3.90) 
iul{x,t) + 2v*{x,t) + 2v{x,t)v*{x,t)u*{x,t) = 0, (3.91) 
-ivt{x, t) + 2u{x, t) + 2u{x, t)u*{x, t)v{x, t) + ia{t)v{x, t) = 0, (3.92) 
iv;{x,t) + 2u*{x,t) + 2u{x,t)u*{x,t)v*{x,t) -ia{t)v*{x,t) = 0. (3.93) 

Proof. Define the polynomial 

Pn{z, X, t) = 2izv*{x, t)Fn{z, X, t) + 2izv{x, t)Hn{z, X, t) — Gn+l,x{z, X, t), 

{z,x,t) eCxrif,. (3.94) 

Using (|7^) and 2G„+iG„+i,^ = 2(F„^^iJ„ + F^H„^x) (by differentiating ( ^!82|) 
with respect to x) one then computes 

G'„+i(//j)P„(^j) = 2i^ijVHn{Hj)Gn+l{Hj) - Gn+lOj.j)Gn+l,xilJ-]) 

= ^fijHn{flj)Fn^x{l^]) - ^fljFn^xifJ'jjHnifJ-j) = 0, (3.95) 

j = 1, . . . ,n. 

In order to investigate the leading-order term with respect to z of Pn{z) we first 
study the leading-order z-behavior of Fn{z),Gn+i{z), and iJ„(z). Writing (cf. 

n n n+1 



Fn{z) = ^ /n-j-^^ Hn{z) = ^ h„ 



3=0 



3=0 



G„+i(z) = '^gn+i-jz\ go = 1, 

(3.96) 



a comparison of leading powers with respect to z in ( |3.74[) , (|3.75| ), and (|3.82|) yields 

fo - -2v, (3.97) 

go - 1, (3.98) 

Vx + 2iv^v* + ifi + 2igi = 0, (3.99) 

2n-|-l 

251 + 2vho + E,n = 0. (3.100) 

m=0 
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2n+l 



Since (3.71) can be rewritten in the form 

fi = ivx + 2w^w* + v ^ Em, 

m=0 

a comparison of ( ^J9| ) and ( |3.10lD then yields 

^ 2n+l 

gi = ~2vv* - Era 

and hence 



?n=0 



(3.101) 



(3.102) 



= 2v*. 



Insertion of ( ^^9^ ), ( |3.98D , and ( |3.103| ) into ( |3.94| ) then yields 

F„(z, i) = 0(z") as \z\ —> oo. 
Thus, (im) and (^.1041) prove 

P„(2, t) — b(x, t)Fn{z, x, t), (z, <) e C X il^ 
for some b G C°°(r2^) (independent of z), implying 
Gn+i,x{z, X, t) ~ 2izv*{x, t)Fn{z, X, t) + 2izv{x, t)Hn{z, X, t) — b{x, t)Fn{z, X, t), 

{z,x,t) eCxn,,. (3.106) 



(3.103) 
(3.104) 
(3.105) 



Taking 2; = in (3.106), observing that G„+i{0,x,t) is independent of {x,t) e 17^ 
by (3.8C), then shows that 

0^~b{x,t)FjQ,x,t), {x,t)en^, (3.107) 

and hence 6 = on fi^ because of ( 3.701 ). Thus, 

Gn+i.x{z, X, t) — 2izv*{x, t)Fn{z, X, t) + 2izv{x, t)Hn{z, X, t), (z, x,t) e C X rt^. 

(3.108) 

Differentiating (3.82) with respect to x, inserting ( |3.75 ) and (3.108), then yields 
Hn,xiz, x,t) — 2i{v{x, t)v*{x, t) — z)Hn{z, x,t) + Aiv*{x, t)Gn+l (z, X, t), (3.109) 

{z,x,t) e C X 

and we proved ( |3.84D-(|3.86| ). 

Next, combining (^.45|), (|3J3|), and ( |3J7| ) one computes 



Fn,titJ'j) = 2w 



(-1)" 

9n+l 



fc=l 
k^3 



(-1)" 

9n+l 



fij 



k=l 



— Gn+i{fJ-j), j^l,...,n. 



(3.110) 



Since clearly 

Fn,t{z) - ( - 2i{uu* - z-^)Fn{z) + Aiz-^uGn+i{z)) = 0(z") as |z| 00, 



(3.111) 



a comparison of ( ^.llOD and ( t3.11lD yields 

Fn_t{z, x,t) — ( — 2i{u{x, t)u*{x, t) — z^^)Fn{z, X, t)) + 4iz^"'"uG'„+i(z, x, i)) 



a{x, t)Fn{z, X, t), (z, x,t) £ C X 



(3.112) 
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for some a £ C°°(ri^t) (independent of z), and hence (3.87) (except for — 0). A 
comparison of powers of z" in ( 3.112| ) then yields ( ^^ ). 

Next, we restrict fl^ a bit further and introduce fi^ C by the requirement that 
Hjix, t) remain distinct and also distinct from {i?m}m=o,...,2n+iU{0} for (x, t) e il^, 
that is, we suppose 

lj,j{x,t) fij>{x,t) ioi j j', ^ 1,.. .,n, (x,i)efi^, (3.113) 

{Mj(2;,i)b=i,...,«n{{£;,„},„=o,...,2n+iu{o}}=.0, ix,t) en^. (3.114) 



Differentiating ( 3.82 ) with respect to t inserting ( 3.112 ) then yields 

2G„+i(z)G„+i,t(z) = zF„(z)( - 2i{uu* - z-^)H^{z) + ai/„(z) + H,,A.z)) 

+ 4mG„+iiJ„(z). (3.115) 



Since the zeros of F„ and G„+i are disjoint by hypothesis ( 3.114 ) (cf. also ( 3.77 )), 
zHn^t{z) necessarily must be of the form 

zHn^z, X, t) — 2i{zu{x, t)u*{x, t) — l)Hn{z, X, t) — a{x, t)zHn{z, X, t) 

+ Aid{x,t)Gn+i{z,x,t), {z,x,t) eCxhf, (3.116) 



for some d G G°°(57p) (independent of z) and ( 3.116 ) inserted into ( 3.115 ) then 
yields 

G„+i(z, X, t) = 2iu{x, t)Hn{z, X, t) + 2id{x, t)F„(z, x, t), (z, a:, i) G C x fi^. 

(3.117) 



Since 



u{x, t) = (:c, t) € n^, (3.118) 



2.9 



Vi+l 



combining ( ^J3| ) and (|7|), taking z = in ( |3.117| ), observing (|^ and (|^, 
results in 



and hence in 



= 2iu2gn+iu* + 2id{—2gn+iu) 



d{x,t) = u*{x,t), {x,t) € 



(3.119) 



(3.120) 



Using property (5.47), (^.116 )-( 3.120| ) then extend by continuity from il^ to fl^. 
This proves (^.8q) and (|3.89|) (except for a^^O). A comparison of powers of z" in 
( E89|) then yields ( |3.93D. Taking z = in ( |3.84| ) and ( |3.86D , observing ( |3.83D and 
( 3.11^ ), then proves~( ^.9C ) and (3.91). Finally, computing the partial ^-derivative of 
Fn^x and separately the partial x-derivative of F„ f, utilizing ( |3.84 ), ( 3.85| ), (3.87), 
( ^^8^ ), and (|3.90|)-(|3!93|) then shows 

Fn,xt{z,x,t) - Fn,tx{z,x,t) = ~ax{x , t) Fn{z , X, t) , {z,x,t) G C X (3.121) 

and hence 

ax{x,t)^0, {x,t)en^. (3.122) 

□ 
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Remark 3.10. (i) The fact that the system of Dubrovin equations (3.44)-(3.46) 
cannot uniquely determine the solutions u, v, u* , v* of the massive Thirring system 
( ^.22| )-( 2.25 ), as is evident from the occurrence of a{t) in ( 3.92D , ( 3.93 ), is of course 
due to the scale covariance displayed explicitly in Lemma 3.7. In particular, once 



a certain a{t) has been identified, a scaling transformation of the type (3.64) (with 
A{t) replaced by 1/A(t)) will restore the extended massive Thirring system ( [3.90[ )- 
( p^ ) to it's original form in (|2.22|)-(^^. 

(ii) For simplicity we formulated Theorem |3.9| in terms of {/ij}j=i,...,n and ( ^.44 )- 
( p^ ) only. Of course there exists a completely analogous approach starting with 
{'^j}j=i,....n and the system ( p.4g ), ( 3.49] ) instead. 

(iii) Invoking the explicit theta function representations for w, v, u* , v* to be proven 
in Section ^ next (this approach is independent of that used to prove Theorem 
|3.10 ), one can extend the principal assertions (3.84)-(3.93) of Theorem [3.1C by 
continuity to {x,t) lying in a larger set C as long as the divisors Vj^i^^ t) and 
T^i>{x,t) remain nonspecial for (x,t) S Vl (cf. Theorem 4.4 and Theorem [A.7| ). 



4. Theta function representations 

In our final section we now derive theta function representations for the principal 
objects of Section ^, including (jj, ipi, u, v, u* , v* . These representations complement 
the papers by Date |^ and Prikarpatskii and Golod |3^, where theta function 
representations were derived for appropriate symmetric functions associated with 
auxiliary divisors, but not explicitly for u, v, u* , v*. Moreover, we correct some 
inaccuracies of such formulas in a paper by Bikbaev ^ (which follows a different 
strategy than ours). 

According to our shift in emphasis from the Baker-Akhiezer vector to our 
fundamental meromorphic function <j) on /C„, we next aim at the theta function 
representation of (f). 

Assuming /C„ to be nonsingular for the remainder of this section (i.e., Em 7^ Em' 
for m ^ m' , m,m' — 0, . . . , 2n + 1) and n G N for simplicity (to avoid repeated 
case distinctions), we next recall the formula for a normal differential of the third 
kind, which has simple poles at Po,- and Poo_, corresponding residues +1 and — 1, 
vanishing a-periods, and is holomorphic otherwise on /C„. One computes 

(3) _y + yo.^dz lYj^iiz - >^j)dz 

.Poo ^ — o ' T ' 

■ y 2y 



2z 



Po,- - (0,yo,-) = (0,-g„+i), 

(4.1) 



where {Aj}j=i_...^„ are uniquely determined by the normalization 



0, J = l,. 



. ,n. 



(4.2) 



The explicit formula (4.1) then implies (using the local coordinate C — ^ near -Po,=f) 



,(3) 



(4.3) 



and similarly (using the local coordinate ^ = 1/z near Poo,: 



/p'^ P (P) = 







± + ^X+iC'j dCasP^ P^^ . (4.4) 
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In particular, 



Qo 
p 



■'Pa.-^Po. 



■^P0.-,Pc< 



<:.{'t'} 

ln(C)l 
C-o i / 



ujI'^ ± u;?C ± + O(C') as P Po,T: (4-5) 



^ ± a;i°°C ± w^C + as P ^ P„ 



(4.6) 



Here Qo G S(/C„) is an appropriate base point and we agree to choose the same 
path of integration f rom Qo to P in all A be Uan i ntegral s in t his section. 
A comparison of (^!3|) , (|!|) with (^!T|) , ( |A.12|) , and (|A.14| ) then yields 



2n+l 



-j^ 2n+l -j^ n 

r = -T I] ^m + ^^A,. 



(4.7) 



(4.8) 



m=0 



Next, we intend to go a step further and derive alternative expressions for the 
expansion coefficients wj]'*, wj, w^*, and wf^ in (4.5) and (4.6). To begin these 
calculations we first recall the notion of a nonsingular odd half-period T defined by 



2T = (modL„), 6l(T)=0, 



de{z) 



^ for some j e {1, . . . , n}. (4.9) 



2 = T 



Discussions of even and odd half-periods (singular and nonsingular ones) can be 
found, for instance, in p. 12-15], |Q. In addition, it is convenient to introduce 
the notation 



Ao = Aq,{Po,+), A^ = Aq„(PooJ, 



2TTi 



.(2) 

■'Pa.+ :0 



2n+l 



9n+l ' 

, c,(2) 



45„+i ^ 2.g„+i 

m— 



(4.10) 

J = !,...,«, (4.11) 
j = l,...,n, (4.12) 



W_r = (I^n, . . . , I^rJ, W^^ = ^ / = c,(n), J = 1, . . . , n, (4.13) 



, ^ 2n+l I N 

^ E + J' = 1' • ■ • (4-14) 



Moreover, we abbreviate directional derivatives of / in the direction oi W_ = 
(VFi,...,W„) eC" by 

(.dwf){z) = J2^,g^{z), (5^/)(^)= E (4-15) 



3 = 1 



' dzjdzk 



z= (zi,...,z„) G C" 



Then one obtains the following result. 
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Lemma 4.1. Given (^-(|4.13|) one obtains 

-^H^(T-Ao-Ao.MT-Ao)j' ^'-''^ 

^^H^(T + A„-A^MT-A„)j' (^-l^) 

(5woe)(T) + 2-i(a^o0)(T) 

Lo°, = -dwoHea + Ao-Aoo)) + ^ — nur^ (^-i^) 

^.oo,, , / g(T-Ao-A^MT-A^ \ 

^"'^U(T-A„ + A^MT-A^)j' (^-^l) 
c.- = ln(^(T - Ao + A^)) - '\ ' ' f ^ (4.22) 

= ^(T-2A^) j- (^-^^^ 

Proof. Abbreviating 

IR{P,Qo) = T-Aq^{P)+Aq^{Q) (modL„), (4.24) 

one infers from 

^Qo(^)^=o^Qo(^o.±)±E£;C±W:2C' + 0(C') asP^Po,±, (4.25) 
Aq, (P) (Poo± ) ± WrC ± W:2°°C' + O(C^) as P ^ P^± (4.26) 

(cf. (|A.ll| ) and ( IA.13D ), and ( pi]) , (|4l|), that 
^(m(P,Q)) = ^(2«(A±,Q)) T (9woe)(u;(Po,±,Q))CT (5wo0)(m(Po,±,Q))C' 

c,^(} — — ^ 

+ 2-l(a|,o^^)(^«(Po.±, Q))C' + O(C') as P Po,±, (4.27) 
^(m(P,Q)) ^=^0(w{Poo±,Q)) T (awr^)(M^co±,Q))CT (5iy-0)(M^o,±,Q))C' 

+ 2-i(a|,o.0)(u;(Po,±,g))C' + O(C') asP-.Poo±. (4.28) 
Next, observing the fact that 

it becomes a straightforward matter deriving (4.16)-( 4.23| ). For simpHcity we just 
focus on the expansion of J^^ Up^ p as P — > Po,±, the rest is completely anal- 
ogous. Using 

2«(Qo,Po,±) =T±Ao, l«(go,Poo±) = T±A^, w{Q,Q) ^ T, Q ^ JC^, 
w{Poo, , Po,a' ) = T + a' Ao - (7 A^ , w{Po,a' , Poo J = T - a' Ao + aA^ , 
w{Po,a, Po,a') = r + {a' - a)Ao, 2«(Po,.' , Po,.) = 1 + (a - a') Aq, 
M^oo„,Poo„,) = T + (a'-a)A^, u;(Poo„,,PooJ-T + ((7-a')A^, (4.30) 
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a, a' e {1,-1}, 



and (4.27)-( 4.29| ), one computes by comparison with (4.5), 



UJ 



Qo 

= ln 

= In 
^ In 



(3) 

Po.-,Po< 



dlog 



'Qo 

(«Z(P,PooJ) 
{w{P,Po,-)) 



In 



-In 



{w{P',Po,-)) 

(2«(P',PcoJ) 

e{w{Qo,Poo^) 



(«;(P,PooJ) 

6»(T - 2Ao)6'(T - A 



Ve(X-A^) 



2Ao) 



.^(T-Ao-A^MT-Ao) 
= ^°'+-^0C + O(C') asP^Po,+ . 
This proves ( [4.16D and (f4.19| ). Similarly, one calculates, 



e(T-Ao-A^) 



C + 0(C2) 

(4.31) 



,(3) 



Qo 
ln(C) 



In 



{wiP,Po,-)) 



In 



In 



l«(^,^'oo_)) 

(gvyog)(T)g(T-A^) 
e(T + Ao-A^)0(T-Ao 



/ 6i(T 



V^(X-A^) 
fivo ln(0(T 



'Ao-A^))C 



^)(T) + 2-1(92 0)(T) 



ln(C) 



(9^o0)(T) -C + 0(C' 

.°'-+u;?C + 0(C') asP^Po, 



proving (4.17) and (4.18). 



(4.32) 
□ 



The results of Lemma 4.1 can conveniently be reformulated in terms of theta 
functions with characteristics associated with the vector T, but we omit further 
details at this point. 

Combining (3.11) and Theorem A. 5, the theta function representation of (f> must 
be of the form 



{P,x,t) = C(x,i)-^ 



g(EQo-^Q„(P)+aQ„(P£(.,t))) 



e(SQ„-^Q„(P)+aQ„ (%.,,))) 



exp 




P e /C„, (x,t) e f], (4.33) 

assuming T>f^(^^ t) and 'Df(a;,f)to be nonspecial for (a;,t) G fi, where 51 C is open 
and connected. We refer to Appendix ^ for our notational conventions concerning 
Abel maps Aq^, oq^ and ^-functions. Here Qo G \ {-fo,±, Poo±} is a fixed base 
point which we will always choose among the branch points of /C„ (e.g., Qo — 
iEo,0)). Indeed, by (|t1]), (EJ), (O), and Theorem O, (t){P,x,t) and 



^(EQ„-AQ„(P)+aQ„(2?A(..*))) 



exp 




(4.34) 



have the same singularity structure with respect to P G ICn- Moreover, by (A. 20), 
(A. 29), and (A. 30), the expression (4.34) is single-valued and hence meromorphic 
on /C„. Nonspecialty of I'/i(a;,t) and ^^{^(^^ i^ then yields (4.33). 

It remains to analyze the function C{x,t) in (4.33) (which is P-independent) 
and in the course of that we will also obtain the theta function representations of 
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u, u*, V, V*. (The strategy to follow parallels the one used in |g2[ in connection 
with algebro-geometric solutions of the AKNS hierarchy.) 

In the following it will occasionally be convenient to use a short-hand notation 
for the arguments of the theta functions in (4.33) and hence we introduce the 
abbreviation 



ziP, Q) = Sq„ - Aq„ (P) + (Vq), Q = (Qi , . 



(4.35) 



Next we show that the Abel maps linearizes the auxiliary divisors P^i^j. and 



Lemma 4.2. Assume (2.1), (2.S), (2.9), and (p.2|), and {x,t), {xQ,to) € il, where 
fl <Z M.^ is open and connected. Moreover, suppose ICn is nonsingular and 2?/i(x,t) 
and X'i>(a;,f) are nonspecial for [x, t) G fJ. Then 

^Qo(%^:0) = ^Qoi'^Kx„,u,)) + 2ic{n){x - xq) ~ 2ic(l).9,;ji(t - to), (4.36) 
^Qo(%(^>*)) = ^Qo(%(^o,to)) + 2ic(n)(x - xo) - 2ic(l)5;^ji(t - io)- (4.37) 



Proof . Given the expansions ( A. 11 ) and ( A. 13 ) of lo near Poo± and Po,±i ( 4.36 ) and 
( |4.37| ) are standard facts following from Lagrange interpolation results of the type 
(see, e.g., M) 



E 



.k-l 



E 



(n™=l Mm) 



(-l)"+^<5fe.i, fc = l,. 



(4.38) 



□ 



In Lemma 3.3 we determined the asymptotic behavior of (f>{P,x,t) as P — > 
Poo±,Po,± comparing (3.4) with (3.12) and ( 3.13| ). Now we will recompute the 
asymtotics of (p starting from ( [4.33 ). 

Lemma 4.3. Assume (|^), (|2j), (U), and (^^. Moreover, suppose JCn is non- 
singular and'Dji(^x,t) 0'iT-d'Dc,{x,t) O'^e nonspecial for {x,t) € Q,, where C is open 
and connected. Then 



, . °°- d(z{Poo ,v{x,t))) 

C-o ^ ' ^ 0(z(Poo_,A(^,t))) 



+ C{x,t)ujfe'^° 



GO _ 7 f) 



^{z{P^_,Kx,t))) 
' 0{z{P^_,v{x,t))) 

d{z{Poo-,Kx,t))) 



0(C) as P ~^Po. 



(4.39) 
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'+ 0{z{Poo+,^{x,t))) 



S{z{Pca+,[M.x,t))) 
^ ' ^ 2dx U(z(Poo+,A(a;,i))) / 



. ^ 0.- e(z(Po -,l^(x,t))) 



a.s P ^ P, 



00+ ; 

(4.40) 



0(z(Po,-,A(a;,i))) 
+ cix ^ d_ ( ^M^^^ziM^ 



(p{P,x,t) = C{x,t)e — ^- — f 



C2 + 0(C=^) asP-.Po,-, 
(4.41) 



-C(a;,i)e"'° 



0(z(Fo,+,A(a;,i))) 

0,+ i a_ / g(l(Po,+ ,£(a;,t))) ' 
2 dt\9{z{Po,+ ,iiix,t))) 



C + OiC) asP^Po^+. 



(4.42) 



Proo/. Using ( [4.25D and ( [4.26] ) (cf. ( |A.llD and ( [A.13| )) one obtains 



z{P, fi{x, <)) z(Foo± , Kx, t)) T c(n)C + O(C') as P Poo± , (4.43) 
z(P,A(a^,<)) ^^^z(Po,±,A(x,t))Tc(l)g-|iC + 0(C') asP^Po.i (4.44) 



and hence 



(z(P, A(x,t))) 0(z(Poo±,A(a^,t))) 



± 2 ^^U(^oo±,A(a:,t)))C + O(C') as P ^ Po< 



0(z(P,A(a:,t))) 0{z{Po,±,Kx,t))) 



T ^ ^0(z(Po,±, A(^,t)))C + O(C') as P ^ Po,±. 



(4.45) 



(4.46) 



Here we used (4.36) to convert the directional derivatives and 
jy^=i (^jW9/dwj, w = {wi, . . . ,Wn) e C" into d/dx and d/dt derivatives. Since 
by (4.37) exactly the same formulas (4.45) and ( [4.46[ ) apply to Voj x.t)! i nsertion 
of (l|y^_(0), ( [4.45D , and ( }4.46D (and theh P^(a;,t) analogs) into ( |4.33| ) proves 
(p9F(pl2^ ^ □ 
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Lemma 4.3 may seem to be just another asymptotic resuh, however, a compar- 
ison with Lemma 3.3 reveals that in passing we have actually derived the theta 
function representations for u, v, u*, and v*. 



Theorem 4.4. Assume (2.1), (2.8), ( p.9| ), and ( |3.2| ), and suppose /C„ is nonsin- 
gular. In addition, let P G /C„ and [x, t) £ Q,, where C is open and connected. 
Moreover, suppose that 'Df^(^x,t) ond "Dcf^^.t) nonspecial for {x,t) G fi. Then 
(j){P,x,t) admits the representation 

■ exp I / uj 



,v ~ 0,-. 9(z(P,u(x,t))) 



l{ziP,gx,t))) 



(3) 



Qo 



(4.47) 



for some constant Cq G C \ {0} and the theta function representations for the 
algebro- geometric solutions u, u* , v, andv* of the classical massive Thirring system 
(|]2|)-(|]25|) read 

^o,+ e{z{Po,+ ,gx,t))) _2^(..^.-c.V 



u{x, t) 
v[x, t) 
u*{x, t) — Cqc' 



Co^e-'^o 



{z{P^_,uix,t))) 

,0,- 6>(^(Po,-,£(x,t))) ^2,(^oc^_^0t) 

e{z{p^^-,fi{x,t))) 



9(z(Pc^.,i)(x,t))) „./ oo 



^U(^oo+,A(a;,i))) 



(4.48) 
(4.49) 
(4.50) 
(4.51) 



withuj°'^,uj°^,uj^^, andojf given by ([4.16D-(|4.23|) (c/. aZso ([4.5|)-(|4.8D) 



Proo/. A comparison of (|3.29|)-(|3.32|) and (|4.39D-(|4.42|) yields 

C4x,t) = 2iLU^C{x,t), Ct{x,t) = -2iLu'(C{x,t), (4.52) 

and hence 

Cix, t) ^ Coe'^^^'^^^-'^it)^ (4.53) 

proves (4.47). Insertion of ( 4.53| ) into the leading asymptotic term of ( 4.39| )-(4.42) 
then yields (|08|)-(^^. □ 

Remark 4. 5. (i) The constant Co in ( f4.47 )-( 4.51 ) remains open due t o the scaling 
invariance ( 2.28| ) of the Thirring system. One can rewrite (4.48)-(4.51) in the form 

, , ^ 0{dPo,+ ,Kx,t)))9{z{Po.+,O{xo,to))) 

Uix.t) — uixn, to)—— =- — — — — V X 

"'e{z{Po,+ ,^ixo,to)))e{z{Po,+ ,Hx,t))) (4.54) 
X exp {~2i{uj^{x - xo) - Lo^it - to))) , 
, , ^ d{z{Poo-,Kx,t)))e{z{Po.-,H^o,to))) 

Vix.t) — ViXo, to)—?—, —, 77^ — 7—, ; 7TT X 

y . ) V 0, e{z{P^_,li{xoM)))e{z{Poo_,K{x,t))) (4.55) 

X exp {~2i(uj^(x - a;o) - c^?(t - to))) , 

, .0{z{Po,-,K{x.t)))e{z{Po^-,fi{xoM))) 

u (X, t) ^ u {xo,to)—r-, : rr^ — :—, = — : rrr X 

'e{z{Po,-,Hxo,to)))e{ziPo^.,^{x,t))) (4.56) 

X exp {2i{uj^{x - a;o) - w?(t - to))) , 
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v*{x,t) = v*{xo,to) 



'^{z{Poo+,k{x, t)))e{z{Poo+,fi{xo, to))) 

K^iPoo+,H^O,to)))d{z{Poo+,^{x,t))) 

X exp {2i{uj^{x - xq) - - to))) , 



(4.57) 



where 



z{Q,[i{x, t)) = z{Q,[i{xo,to)) + 2ic{n){x - xo) + 2ic{l)g-l^{t - to), (4.58) 
z{Q,v{x, t)) = z{Q,v{xo,to)) + 2ic{n){x - xo) + 2ic{l)g-l^{t - to), (4.59) 
by (|l35| ), (^) , and (^!37|) . 

(ii) Since the divisors Pp,, _£(2:,t) and Vp^ j^i^r^ t) are Hnearly independent by ( 3.11 ), 
one infers 



■-Po, 



(4.60) 



Hence on can replace z((2,£(x, t)) in (4. 47)^(4.51), (4.54)-(4.57), (4.59) in terms of 
z{Q, jj,{x, t)) according to 



z{Q,v{x, t)) = z{Q, li{x, t)) + A. 



(4.61) 



In principle, Theorem 4.4 completes the primary aim of this paper, the derivation 
of the theta function repr esent at ion o f algebro-geometric solutions of the classical 
massive Thirring system ( 2.22| )-( 2.25 ). The reader will have noticed that our ap- 
proach thus far is nontraditional in the sense that we did not use the Baker- Akhiezer 
vector 4' at all, but instead put all emphasis on the meromorphic (j) on /C„ . Just for 
completeness we finally derive the theta function representation for ijji in ( 3.18| ). 

The singularity structure of ^i{P, x, xo,t,to) near Pao± displayed in Lemma 3.4 



(2) 

suggests introducing Abelian differentials oJq o '-'^ second kind, normalized by 
the vanishing of their a-periods. 



,(2) 



0, 3^1, 



with a second-order pole at Q of the type 



,(2) 



{C^+0{l))dC as P^Q, 



and holomorphic on /C„ \ {Q}- More precisely, we introduce 



n 



(2) 
00,0 



,(2) 



0(2) _ , ,(2) 



,(2) 



,(2) 



-,0' 



and note that 



"So = ±(r 



Qo 



C^O 



iC + 0(C^)) as P 

[ n^^l = ±(r'+eo.o + eo,iC + 0(C')) asP^ 
"'Qo ^ ^-'O 



(4.62) 
(4.63) 

(4.64) 
(4.65) 

(4.66) 
(4.67) 



Theorem 4.6. Assume {2A), (2^), (p.9|), (3.2), and suppose /C„ is nonsingular. 
In addition, let P G ICn \ {^o,±7-foo±} md {x,t),[xo,to) G where C is 
open and connected. Moreover, suppose that I'/i(a;,t) tw^c? "DoixA) '^''"^ nonspecial for 
{x,t) G 17. Then 'ipi{P, x, Xo,t,to) admits the representation 
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'tpl{P,X,Xa,t,to) 



' 0{z{Poo_,fl{xo,to)))e(z{Pao+,E.{xo,to))) 

0{z{Poo^,fi{x,t)))9{z{Poo_,^{x,t))) 
^ 9{ziP,^ix,t))) ^ 

e{z{p,[i_{xo,to))) 



1/2 



X exp i(x — xo) ( uj^ + 
or, equivalently, 



(2) 
00,0 



+ i{t-h){ujl + n'^^JM , (4.68) 



ipi{P,x,xii,t,to) 



' g(z(^o,-,AK,to)))g(z(Po,+ ,^(xo,to))) \ 
^ e{z{P^^.rE{x,t)))e{z{Po^+,vix,t))) j 
^ 9{ziP,^{x,t))) ^ 
e{z{P,fL{xo,to))) ^ 

X exp {-i{x - Xo) [u^ + + i{t ~ to) (^c^? + ^ n^^^l^ ] . (4.69) 



Proof. Introducing 

■0i(P,x,xo,i,to) = 



c{x,t) e{z{p,ji{x,t))) 



C{xoM) e{z{P,gxQM))) 



X exp I -i{x - Xo) / r^l^^o + ^ ^o) 



(2) 

0,0 ' 



Pe/C„\{Po,±,^'oo±}, (x,t),(xo,io) e f^, (4.70) 

with an appropriate normalization C{x,t) (which is P-independent) to be deter- 
mined later, we next intend to prove that 

i>i{P,x,xo,t,to) = ipi{P,x,XQ,t,tQ), P G /C„ \ {Po.±,Poo±}, {x,t), {xo,tQ) G fl. 

(4.71) 

A comparison of ds^H), ( ^ ), (^!38|) , (|l66|) , ( ^ ), and (^J0|) shows that Vi and 
■01 share the identical essential singularity near Poo± . Next we turn to the local 
bahavior of 'ipi{P,x,xo,t,to) with respect to its zeros and poles. We temporarily 
restrict $7 to C such that for all {x', s) G fi, iij{x\ s) ^ /ifcjV, s) for all j ^ fc, 
j,k = 1, . . . ,n. Then arguing as in the paragraph following (3.28) one infers from 
(|I|) that 



'lpl{P,X,Xo,t,to) 



ifJ-jix,t) - z)0{l) as P ^ (t'j{x,t) ^ ii{xo,to), 

0(1) a.s P ^ fij{x,t) ^ jl{xo,to), 

{fij{xo,to) - zy^O{l) as P ^ fij{xo,to) ^ ij.{x,t), 

P = (z, y) G /C„, {x, t), (xo, to) e 51, (4.72) 



where 0(1) 7^ 0. Applying Lemma [A.6| then proves ( |4.71| ) for (x,t), (xo,to) G ^■ 
By continuity this extends to (x,t), (xo,to) G 11 as long as G cr"/C„ remains 

nonspecial. Finally we determine C(x, t)/C(xo, to)- A comparison of (|2.5|), (2.21), 
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(|^), dm), (|^), and yields 

-01 (P, X, Xo,t, to)lpi {P*,x, Xq, t, to) 

c{x, tf e{z{Po,^ , {i{x, t)))e{z{p^_ , gx, t))) 

z-^oo C{xo,tQ)^ d{z(Poo+ , Kxo,to)))S{z{Poo- , Kxo, to))) 

X exp {-2i{{x - XQ)eoo,o - {t - to)eo,o)) 
v{x, t) 



v(xQ,to) 

0{z{Poo- , Kx, t)))6{z{P^_,v{x(i, to))) 
e{z{Poo. , Kxo,to)))0{z{P^_ , v{x, t))) 



(4.73) 

exp {-2i{{x - xo)lu^ - {t - to)uj^)) 



and 



(4.74) 



Ipl (P, X, XQ,t, to)V'l {P*,X, Xq, t, to) 

C{x,t)^ e{z{Po^+,gx,t)))9{z{Po,-,gx,t))) 
z^o C(a;o,io)2 0(z(Po,+,A(xo,to)))0(z(Fo,-,A(a^o,to))) 
X exp i-2iiix - a;o)eoo,o - [t - to)eo,o)) 
u{x, t) 

u[X(3,to) 

_ 6{z{Po^+,g^x,t)))e{z{Po^+,u.{xoM))) 
~ 6{z{Po,+,fi(xo,to)))0{z{Po,+ ,Hx,t))) 

X exp {-2i{{x - xo)uj^ - (t - to)t^?)) • 

Thus, (|j|) implies 

C{x,t)^ ^ O{z{Poo^,[i_{xo,to)))0{z{Poo_,O{xo,to))) 
C{xo,to)^ " 0{z{Poo+,Kx,t)))0{z{Poo_,Hx,t))) 

X exp {~2i{{x ~ xo)uj^' - (t - to)uji)) (4.75) 

and ([4.74[) yields 

Cix,t)^ _ 0{z{Po,-,[i_{xo,ta)))9{z{Po.+,E.{xo,to))) 

Cixo,to)^~ 9{z{Po.-,gx,t)))9{z{Po.^+,0{x,t))) 

X exp {-2i{{x - a;o)c^r -it- io)t^?)) • (4.76) 

In order to reconcile the two expressions ( |4.75 ) and (4.76) for C{x, t)'^ /C(xo, to)^ it 
suffices to recall the linear dependence of the divisors "Dp^ fi(x,t) ^^'^ T^Pa - P(x.t)^ 
that is, 



and 



4Q„(PooJ + aQ„(2?A(x.t)) =^Qo(^o,-) + aQ„ (%.,*)), (4.77) 

(4.78) 



^Qo(^o,-) = -4q„(Po.+ ), A^,{Poo^) - -^Q«(^=oJ, 
to conclude that 

z(Poo+,A(a;,t)) = z(Po,+ ,£(a;,t)), z(Fo,-,A(a;,t)) ^ z{Poo_,iL{x,t)) (4.79) 

and hence equality of the right-hand sides of (4.75) and ( 4.76| ). This proves (4.68) 
and (p69|). □ 
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The explicit representation for tpi complements Lemma B.2 and shows that 



■01 stays meromorphic on A^„ \ {Poc±} as long as Vj^^r^. f^ and 2?p(a;,t) are nonspecial 
(assmning /C„ to be nonsingular). An analogous theta function derivation can be 
performed for (^'ip2{P, Ci ^Oy t, to), but we omit further details at this point. 

We emphasize that <j)[P,x,t) and i/'i(P, x, xq, t, io) are naturally defined on the 
two-sheeted Riemann surface /C„, whereas ip2{P, Ci 2;, xq, t, tp) re quires a four-sheeted 



Riemann surface due to the additional fact or 1/ z ' in ( 3.19 ). In particular, the 



Baker-Akhiezer vector ^'(P, (, x, xq, t, to) in ( |3.17 ) requires a four-sheeted Riemann 



surface, clearly a disadvantage when co mpar ed to our use of 4'{P, x, t). Finally, we 
note that reality constraints of the type ( ^.2(]| ) and their effects on algebro-geometric 
quantities, such as pairs of real and complex conjugate branch points of JCn, etc., 
are discussed in (see also 0). 

We conclude with the elementary genus zero example (i.e., n — 0), a case thus 
far excluded in this section. 

Example 4.7. Assume n = 0. Then 

/Co : V) = - R2{z) = v^-{z- Eo){z - Ei) - 0, (4.80) 

Cl = -{Eo + E,)/2, 51 = (Po^i)'/', (4.81) 
- (51 + ci)/2, c^o = -uj^/{EoEi), (4.82) 
v{x, t) = v{xq, to) exp(-2i(cj5"(x - xq) - cj"(t - to))) 

= giu{x,t), (4.83) 
v*ix, t) = v*ixa, to) exp(2i(w^(a; - xo) - t^?(t - to))) 

= giu*{x,t), (4.84) 
v{x,t)v*{x,t) = (ci - gi)/2 = glu{x,t)u*(x,t), (4.85) 
,.p ,^ y{P) + z + gi -~2v*{x,t)z 

4>{P,x,t)^ „ — = -7^^ ' (4-86) 

-2v[x,t) y{P)-z-gi 

MP, X, xo,t, to) = exp(-z(x - xo){y{P) + co^) - t{t - to){g^h-^y{P) - w?)). 

(4.87) 



Appendix A. Hyperelliptic curves and their theta functions 

We give a brief summary of some of the fundamental properties and notations 
needed from the theory of hyperelliptic curves. More details can be found in some of 
the standard textbooks and , as well as monographs dedicated to integrable 
systems such as Ch. 2, 0, App. A-C. 

Fix n g N. The hyperelliptic curve IC„ of genus n used in Sections ^ and ^ is 
defined by 

2n+l 

/C„ : Tn{z,y) = - ^2^+2(2) = 0, i?2n+2(z) = n (2 ~ Prn), 

■m—0 

{-Em}m=o,...,2n+i C C, 7^ £;„ for TO ^ n, m, n = 0, . . . , 2n + 1 . (A.l) 

The curve ( |A.1| ) is compactified by adding the points Poo+ and Poo_ , -P00+ 7^ ^oo_ , 
at infinity. One then introduces an appropriate set of n + 1 nonintersecting cuts Cj 
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joining £'m(j) and E^i^jy We denote 

C= y Cj, C,nCfe=0, j^fc. (A.2) 

je{l,...,n+l} 

Define the cut plane 

n = C\C, (A.3) 
and introduce the holomorphic function 

1/2 



/2n+l \ 

i?2„+2(-)'/': n^C, {Y{{z-E,n)\ 

\m=0 / 



(A.4) 



on n with an appropriate choice of the square root branch in (A^). Define 

Mn = {{z,aR2n+2{zY'^) | ^ G C, a G {±1}} U {Poo+ , Poo_ } (A.5) 

by extending i?2n+2( • )^^^ to C. The hypercUiptic curve /C„ is then the set Mn with 
its natural complex structure obtained upon gluing the two sheets of M.n crosswise 
along the cuts. The set of branch points B{ICn) of /C„ is given by 

B{JCn) = {{E^, 0)}™=o,...,2„+i (A.6) 

and finite points P on /C„ are denoted by P = (z,y), where y{P) denotes the 
meromorphic function on A^„ satisfying Tn{z,y) ~ — R2n+2{z) — 0. Local 
coordinates near Pq = (zo,?/o) & ICn\ {S(/C„) U {Poo+,Poo_}} are given by Cpo = 
z — zq, near Poo± by Cpoo± = V^j ^^'^^ near branch points {E„ig,0) € B{ICn) by 
C(E„^g,o) = ~ EmoY^^. The Riemann surface /C„ defined in this manner has 
topological genus n. 

One verifies that dz/y is a holomorphic differential on /C„ with zeros of order 
n — 1 at Poo± and hence 

z^~^dz . 

Vj ^ — - — , (A.7) 

form a basis for the space of holomorphic differentials on /C„. Introducing the 
invertible matrix C in C", 

Ja, (A.8) 

c(fc) = (ci(fc),...,c„(fc)), c,{k)^Crl 

the corresponding basis of normalized holomorphic differentials uj, j = 1, . . . ,n on 
K-n is given by 



n „ 



(A.9) 



Here {aj, 6j}j=i_....„ is a homology basis for /C„ with intersection matrix of the 
cycles satisfying 

ajo5fe = (5j_fc, j, A: = (A. 10) 



Near Poo± one infers 
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± (^c(n) + (^ic(n) Y,Em + c{n - 1)) C + 0(C')) dC, C = V^, (A.ll) 

and 

Similarly, near Po,± one computes 

u.^=^±^(c(l)+ Qc(l) £ £;-i+c(2))c + 0(C'))rfC, (A.13) 



m=0 

/2ri+l s 1/2 

9n+l = ( n ^™ ) ' ^ = ^' 
^ m=0 ^ 



usmg 



2/(P) ±gn+i + 0(C) as P Po,±, (A.14) 

with the sign of Qn+i determined by the compatibility of charts. 

Associated with the homology basis {oj, we also recall the canonical 

dissection of /C„ along its cycles yielding the simply connected interior /C„ of the 
fundamental polygon 9/C„ given by 

dICn = a\h\a{^h'^^ a-ih^a^^h^^ • ■ • a^^b^^. (A. 15) 

Let A4(ICn) and A1^(/C„) denote the set of meromorphic functions (0-forms) and 
meromorphic differentials (1-forms) on IC„. The residue of a meromorphic differen- 
tial u G ^4^{)Cn) at a point Q G /C„ is defined by 

resgH^^y^ ^, (A.16) 

where jq is a counterclockwise oriented smooth simple closed contour encircling 
Q but no other pole of u. Holomorphic differentials are also called Abelian dif- 
ferentials of the first kind (dfk). Abelian differentials of the second kind (dsk) 
Ll)^^^ € A4^{lCn) are characterized by the property that all their residues vanish. 
They are normalized, for instance, by demanding that all their a-periods vanish, 
that is, 

w(2)=0, i = l,...,n. (A.17) 

If ujp^n is a dsk on whose only pole is Pi G /C„ with principal part d^, 
n e No near Pi and ujj — {J2m=a dj,m{Pi)C^) d( near Pi, then 

m = 0,l,... (A.18) 



dj,m{Pl) 

m+l ' 



Any meromorphic differential w^^-* on A^„ not of the first or second kind is said 
to be of the third kind (dtk). A dtk w^^^ € Al^(/C„) is usually normalized by the 
vanishing of its a-periods, that is, 

/ a'(')=0, j = l,...,n. (A.19) 
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A normal dtk ojp^p^ associated with two points Pi, P2 e /C„, Pi 7^ P2 by definition 
has simple poles at Pj with residues (—1)^+^, j = 1,2 and vanishing a-periods. If 

(3) ^' 

cop'q is a normal dtk associated with P, Q & tCn, holomorphic on /C„ \ {P, Q}, then 



1 



p 



/ j = l,...,n, (A.20) 



where the path from Q to P lies in /C„ (i.e., does not touch any of the cycles aj, 
bj). Explicitly, one obtains 



(3) 



+ 2^ djujj = , (A.21) 



P P — 

^00+,^00_ y " " y 



43) ^i^^_n;^i(^-A,)rf^ 

2^-zi 7y 2?/ ' ^ ' 

^(3)^ =i^^ + nkiizM^, (A.23) 



= A,P2e^„\{Poo,,Poo_}, (A.24) 

2 \7r — ^;i TT — 02/ y 

where dj,Xj,Xj,Xj, j = l,...,n are uniquely determined by the requirement of 
vanishing a-pcriods and wc abbreviated Pj = {zj,yj), j = 1,2. (If n = 0, wc use 
the standard convention that the product over an empty index sot is replaced by 

1-) 

We shall always assume (without loss of generality) that all poles of dsk's and 
dtk's on K-n lie on /C„ (i.e., not on 9/C„). 
Define the matrix r = (Tj^£)j^^=i_...^„ by 

= i^e, j, ^ = 1, • • • , (A.25) 

Then 

Im(r) > 0, and Tj^e = rej, j,i = 1, . . . ,n. (A. 26) 
Associated with r one introduces the period lattice 

L„ = {z e C" I z = m + Tn, m,ne Z"} (A.27) 

and the Riemann theta function associated with fCn and the given homology basis 
{aj, 6j}j=i,...,n) 

0{z) = exp (27ri(n, z) + m{n, rn)) , z G C", (A.28) 

where {u,v) = J2]=i denotes the scalar product in C". It has the fundamental 
properties 

e{zi,... ,Zj-i,-Zj,Zj+i,... ,Zn)=6{z), (A.29) 
^(^ + m + rn) = exp ( - 27ri(n, 0) - 7ri(n, rn))^(^), m,nGZ". (A.30) 
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Next, fix a base point Qo S /C„ \ Po,±,Poo±}, denote by J{ICn) = C"/i„ the 
Jacobi variety of /C„, and define the Abel map Aq^ by 

Aqo- l^n JilCn), Aqo{P) ^ { j Wl,...,/ LVn) (modL„), P € ICn- 

(A.31) 

Similarly, we introduce 

ag^ : Div(/C„) ^ J(/C„), V ^ a^^iV) = ^ V{P)Aq^{P), (A.32) 

PeiCn 

where Div(/C„) denotes the set of divisors on /C„. Here V: /C„ ^ Z is called a 
divisor on ICn if T^iP) for only finitely many P € /C„. (In the main body of 
this paper we will choose Qo to be one of the branch points, i.e., Qo S B{lCn), and 
for simplicity we will always choose the same path of integration from Qo to P in 
all Abelian integrals.) 

In connection with divisors on /C„ we shall employ the following (additive) no- 
tation, 

Q = (gi,...,Q„)e(T"/C„, QoeX;„, (A.33) 

where for any Q G /C„, 

and cr"/C„ denotes the nth symmetric product of /C„. In particular, a"^JCn can be 
identified with the set of nonnegative divisors < I> G Div(/C„) of degree m. 

For / e MiJCn) \ {0}, uj e M^{ICn) \ {0} the divisors of / and oj arc denoted 
by (/) and (w), respectively. Two divisors V, £ <E Div(/C„) are called equivalent, 
denoted by D ~ f , if and only \i V - £ = (/) for some / G Ai(/C„) \ {0}. The 
divisor class \D] of V is then given by [D] = G Div(/C„) | £ ~ 2?}. We recall 
that 

deg((/)) = 0, deg((co)) = 2{n - 1), / G A^(/C„) \ {0}, u G M\K,,) \ {0}, (A.35) 

where the degree deg(X') of V is given by deg(2?) = YIiP^k ^(-P)- customary 
to call (/) (respectively, (w)) a principal (respectively, canonical) divisor. 
Introducing the complex linear spaces 

C{V) = {/ G 7W(/C„) I / = or (/) > V}, r{V) = dime C{V), (A.36) 

C^{V) = G M^{K,n) I = or (cj) > P}, i(D) = dime £^(2?), (A.37) 

{i{V) the index of speciality of V) one infers that deg(X'), r(X'), and 1(1?) only 
depend on the divisor class [D] of V. Moreover, we recall the following fundamental 
facts. 

Theorem A.l. Let V G Div(/C„), w G M^{1C„) \ {0}. Then 

i{V) = r{V - (w)), n G Nq. (A.38) 
The Riemann-Roch theorem reads 

r{-V) = deg(X>) + i{V) -n + 1, n G Nq. (A.39) 
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By Abel's theorem, T) e Div(/C„), n G N is principal if and only if 

degiV) = and Oq^ (V) = 0. (A.40) 

Finally, assume n G N. Then Qq^ : Div(/C„) — > J(/C„) is surjective (Jacobi's 
inversion theorem). 

Next we introduce 

Wo = {0} C J{ICn), W^ = aQ^,{a"'ICn), meN (A.41) 

and note that while (T™/C„ (^t (7"/C„ for m < n, one has W„, C for 771 < n. 
Thus W.^ = J(/Cn) for m > n by Jacobi's inversion theorem. 

Denote by Sq^ = (Sg^ ^ , . . . , Sq„ ^ ) the vector of Riemann constants, 

1 " /■ /"^ 

^Qo.,^^a + rj,j)-Y. MP) uj„ j^l,...,n. (A.42) 

£=1 °* 

Theorem A. 2. The set W„_i + 'E^q„ C J(/C,i) is the complete set of zeros of on 
J(/C„), that is, 

e{X) ^0 if and only if X e YLn^i + (A.43) 

(i.e., if and only if X — {a_Q^{T>) + Sq^ (mod L„) for some T> £ a"~^ICn)- The 
set W_^_i + has complex dimension n — 1. 

Theorem A.3. Let Vq G cr"/C„, Q = (Qi, . . . ,(?„). T/ien 

1 < «(%) = s(< ?^/2) (A.44) 

if and only if there are s pairs of the type {P, P*) G {Qi, . . . , Qn} (this includes, 
of course, branch points for which P = P* ). 

Remark A. 4. While 0{z) is well-defined (in fact, entire) for z G C", it is not well- 
defined on J(/C„) — C^'/Ln because of (A. 30). Nevertheless, 6* is a "multiplicative 
function" on J(/Cn) since the multipliers in ( A.30| ) cannot vanish. In particular, if 
z_i = z_2 (mod L-a), then S{z_y) = if and only if ^(zj) = 0. Hence it is meaningful 
to state that B vanishes at points of J(/C„). Since the Abel map Aq^ maps /C„ into 
J(/C„), the function Q{A.Qq{P) ^ for ^ G C", becomes a multiplicative function 
on /C„. Again it makes sense to say that Qi^AqJy • ) — ^) vanishes at points of /C„. 

Theorem A. 5. Let Q = (Qi, . . . ,Qn) G cr"^n and assume Vq to be nonspecial, 
that is, i{T>Q) = 0. Then 

0{Eq, - AQoiP) + aQjVo)) = z/ and only ifPeiQu---, Qn}. (A.45) 

Lemma A. 6. Lemmas 5.4 and 6.1] Let (a;, f), (xq, to) G ^ for some fl C M^. 
Assume ip{ ■ ,x,t J.) to be meromorphic on /C„\{Poo+ 1 ^oo_ i ^0.+: ^0,-} with essential 
singularities at Poo±, Po.± such that - ,x, t) defined by 

p i-P 

(2) _,f,_,^ / 0(2) 



^(P, X, t) = ^{P, X, t) exp i{x ~ xo) / 1)^^,0 - - to) / ^'o.o (A.46) 

V Jqo Jqo / 

is meromorphic on /C„ and its divisor satisfies 

(7A(-,x,t))>-P^(,,,i„). (A.47) 
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i(2) n(2) 



Here and J7q q are defined in ( 4.64 ) and ( 4.65 ) and the path of integration 

is chosen identical to that in the Abel maps (A. 31) and (A. 32)^. Define a divisor 
'Do{x,t) by 



(V5(-,a:,t)) =Va{x,t) -Vf.^^^^ta)- 



Then 



(A.48) 
(A.49) 



Vo{x, t) e cr"/C„, Vo{x, t) > 0, deg{Vo{x, t)) = n. 
Moreover, ifDo^x^t) is nonspecial for all {x,t) G fi, that is, if 

i{Voix,t)) = 0, {x,t)en, (A.50) 
then ip{ ■ ,x,t) is unique up to a constant multiple (which may depend on x and t). 

Theorem A. 7. Suppose "Dj^ S (T"/Cn is nonspecial, fi = (/ii, . . . ,/i„), and fi„+i £ 
ICn with fi*^^^ ^ {fii, . . . , fl„}. Let {Ai, . . . , A„+i} C /C„ with V-^^^^^ 

(i.e., T^x\„+i ^ [^'aA-i+i]/ ^^en any n points £ {Ai, . . . , A„+i}, j 
define a nonspecial divisor T>o £ a'^Kn, v. — {i'l, . • . , Vn). 



1, n 



Proof. Since i{'Dp) = for all P £ ICi, there is nothing to prove in the special case 
n — 1. Hence we assume n > 2. Let Pq e B{ICn) be a fixed branch point of /C„ 
and suppose that is special. Then by Theorem |A.3| there is a pair {;), i)*} C 
{vi, . . . , j>„} such that 



where £ = (i>i, . . . , z>„)\{z>, 0*} C o-"^^/C„. Let On+i G {Ai, 
so that {i>i, . . . , j>„+i} = {Ai, . . . , A„+i} C (t"+i/C„. Then 



, A„+i}\{i>i, 



= apo(^A/i,.+i) = -i4p^,(Ar*+i) +^Po(^a)' 



and hence by Theorem [A.2| and ( |A.52D , 

= e(Sp„ +ap„(P£p„^J) = 0(Sp„ - Ap,(/i:+i) + ap„(2?A))- 



(A.51) 
.■,'>„} 

(A.52) 
(A.53) 



Since by hypothesis P/i is nonspecial and {/ti, . . . ( A.53 ) contradicts 

Theorem A. 5. Thus, is nonspecial. □ 
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^This is to avoid multi- valued exp ressi ons and hence the use of the multipUcative Riemann— 
Roch theorem in the proof of Lemma A. 6 
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